Abstract4t is known that a strong harmonic radiation from free electron laser (FEL) devices could lead t o a significant reduction in the minimum electron energy required to generate radiation at a given frequency. However practical application of this technique t o terahertz FELs has been hammered by the very weak strength of FEL radiation at high harmonics. In this paper, a two-frequency wiggler configuration is considered as a means to enhance the strength of FEL emission at high harmonics. It is shown that by adjusting the nonlinear interference between the two constituent components of the two-frequency wiggler the emission strength around the 10th harmonic can be increased considerably by two orders of magnitude. This characteristics can then be used t o reduce the electron energy needed for terahertz radiation from 2.5MeV t o below SOOkeV, thus reducing significantfy size and cost of the eventual terahertz FEL system.
I. INTRODUCTION
The development of terahertz electronics has recently commanded much attention, largely because of its potential to aid significant technological advance in many closely related disciplines such as remote sensing, semiconductor nanostructures, communications, and time-resolved spectroscopy [l] - [4] . One important issue in the field is to develop powerful, coherent, and tunable sources at terahertz frequencies and at present free electron lasers (FELs) are perhaps one of very few such sources. Characteristics commonly associated with free electron lasers are however large size, high cost, and complex designs. Although these characteristics are acceptable for an instrument built on the scale of a national laboratory, they preclude the acquisition of such an instrument by a single university department or research group. As a result, the benefit of the FEL to the progress of terahertz technology is limited. To relieve this limitation, new FEL concepts and interaction mechanisms must be derived so as to reduce its size and cost while maintaining its more desirable features such as tunability, coherence, and large power output.
Many of the FEL's undesirable features stem from the need to employ high energy electron beams which are usually produced by bulky and expensive accelerator systems. This may be illustrated by the dependence of the radiation wavelength, A, , upon the period of the wiggler magnet, A , , and the electron energy Number of Harmonics where y is the relativistic factor. Suppose that quasioptical resonant cavities are used to confine FEL radiation generated at terahertz frequencies. The radiation frequency, f , can then be calculated from the approximation o f f = ./AT. We further assume that the permanent magnet technology is employed for wiggler design and construction such that the wiggler field strength can achieve unity at periodicities of a few centimetres. Thus with a standard wiggler magnet with a period of 2cm, radiation at lTHz would require an electron beam of 2.5MeV. With the present accelerator technology, electron beams of 2.5MeV are likely to be produced by either electrostatic accelerators or induction linacs, both of which are of large size and thus high cost [6] . One way to reduce the minimum electron energy required to generate radiation at a given frequency is to operate the FEL at its harmonics and this is best understood by examining the FEL resonant condition [5] A ,
where h is the number of harmonics. Figure 1 shows that by operating the FEL at its harmonics how the minimum necessary electron energy for generating radiation at terahertz frequencies is reduced when A, = 2cm. In a conventional FEL system with a planar wiggler magnet, harmonic generation originates from a harmonic oscillation of the axial electron velocity and the emission strength decreases as the harmonic number increases. Thus although significant reduction in electron energy may be achieved by harmonic operation, an effective application of this technique is hammered by the considerably lower radiation strength at high harmonics than that at the funda-0-7803-4903-2/98/$10.00 @ 1998 IEEE mental frequency. As a result, the eventual system may operate below the threshold for substantial oscillation at harmonic frequencies. To illustrate this more clearly, we consider the spontaneous emission from a conventional FEL with a planar wiggler. Based on the formulation developed in (51, the FEL spontaneous emission normalised to its peak value at the fundamental frequency is plotted in figure 2 as a function of the radiation frequency. Figure 2 shows that as the harmonic number increases the FEL radiation decreases. In particular, the emission strengths at the 9th and 11th harmonics are 0.97% and 0.23% of that at the fundamental frequency, respectively. Thus for an effective usage of FEL harmonic radiation, its spontaneous emission strength at high harmonics needs to be enhanced considerably.
In this paper, we consider possible enhancement of FEL harmonic generation with a two-frequency wiggler configuration that consists of two conventional wigglers of different periods. Harmonic generation in such an unconventional wiggler configuration is based on a nonlinear interference effect rather than the harmonic oscillation in the axial electron velocity. This work is motivated by recent work on manipulation of FEL gain and spectrum by means of unconventional wiggler configurations [7] -[10].
SPONTANEOUS EMISSION FORMULATION
Consider a magnet system composed of two different conventional planar wigglers of periods X,1 and Xw2, respectively. For the simplicity, we assume that Awl > Xw2 and that the on-axis magnetic field of this two-frequency wiggler configuration may be approximated as where k,, = 2x/Xwn (n = 1,2). Suppose the lengths of the two constituent wigglers are L1 = NIX,^ and L2 = N2Xw2, respectively. Without violating generality, we assume L2 > L1 and N2 = 1 + Int[L1/Xw2]. Therefore eq.(l) is valid for 0 < t 5 L1, whereT in the small region of L1 < z 5 L2 the wiggler field is B, = jjB,2 cos kw2z.
Under the perturbation of the alternating magnetic field of eq. (l) , an energetic electron beam travelling along the wiggler axis radiates and the induced electromagnetic radiation may be represented by its on-axis electric field component of
The trajectory of an electron beam in the combined field of the wiggler magnet and the induced radiation is in general governed by its equation of motion (3) In the limit of small radiation field, the transverse velocity of an electron entering the two-frequency wiggler along the magnet axis may be easily obtained from eq. (3) as 1
where a w n = eBwn/mckwn is the dimensionless field strength of the nth constituent wiggler (n = 1,2). Once again with the small radiation field assumption, the electron energy change may be considered to be negligible in the calculation of electron trajectory and as such the axial electron velocity can be derived from Pi = P," + p," (POC 
4Y2 'r -uL2 cos2kW2z + 2awlaw2 sin kwl.zsin k,2z .
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It is seen that due to the nonlinear dependence of ,BZ on the field strengths of the two wiggler components in eq.(5) the axial electron velocity contains not only terms due to individual wiggler components, uLn cos 2k,,z (n = 1,2), but also their cross term, 2awlaw2 sin kwlz sin k w 2 t . Such a cross term represents a nonlinear interference effect between the two wiggler components on the axial electron velocity. As it will be shown in section 111, this nonlinear interference effect plays a very significant role in determining the FEL spectrum and thus the FEL emission at harmonics. Note that the high order terms neglected in deriving eq.(6) contain many other cross terms which have small amplitudes for highly relativistic electron beams.
The energy exchange of an electron with its radiation field is governed by the energy conservation law (7) Substitution of eq.(2) into the above equation gives As illustrated in eq.(8), the axial electron velocity of eq.(6) affects crucially the beam-wave interaction described by eq.(7) via the phase angles o f @ F k w n z = w t -( k k k w n ) z + q5 in which the electron spatial location, z , needs to be expressed in terms oft. To this end, the electron average velocity in the axial direction, pZ0c, needs to be formulated first. Integration of eq.(6) gives the average axial velocity Note that E = 1 when Awl = Xw2. However << 1 if the two wiggler periods differ from each other appreciably.
With Pro formulated in eq. (9), eq.(6) becomes The terms p ( z 0 ) and q(z0) are related to the nonlinear interference between the two wiggler components of the two frequency wiggler structure, and as it will be shown in section I11 they affect crucially the FEL spectrum. Using eq. (12), the phase angles in eq. (8) become where Akzz = (w/(cpZo) -(k =k kwn))z and the approximation of ( k ik kwn)/k M 1 has been assumed.
In eq. (14), all phase angles of relevance to eq.(8) are expressed in terms of the nominal electron position only. This allows eq.(8) to be integrated directly to give the electron energy change over the entire length of the two-frequency wiggler, Ay. According to Madey's theorem on the other hand, the spontaneous emission of the electron beam is proportional to < (Ay)2 > where < ... > denotes to an average over the initial electron phase. In the SI units, this relationship is given by [ll] , [12] d2W m2w2 < (Ay)2 > .
The formulation of < (Ay)2 > from eqs. (8) and (14) is rather lengthy but nevertheless straightforward. It can be shown that in the limit of small radiation field the spontaneous emission is given by [12] , [13] where awn = eBwn/mckwn is the dimensionless field strength of the nth constituent wiggler ( n = 1,2) and
The above expressions will be used to explore possible enhancement of harmonic radiation from free electron lasers in the next section.
APPLICATION
To illustrate the characteristics of the two-frequency wiggler configuration, we consider a two-frequency wiggler with awl = uw2 = 1 and Awl = l.lXwa. As it is shown in figure 3 , the addition of the second wiggler increases appreciably radiation strength at harmonic frequencies. In plication in terms of the characteristics of the eventual FEL system since the electron energy needed to generate FEL radiation at terahertz frequencies can now be realistically reduced at relatively little expense of the resultant radiation strength. For instance, the electron energy for FEL radiation at lTHz can be reduced from 2.5MeV to around 422keV (see Figure 1 ) when the FEL with a two-frequency wiggler is operated around its 10th harmonic with its radiation strength reduced by only 34% from that at the fundamental frequency.
IV. CONCLUSION A two-frequency wiggler configuration has been considered as a means to enhance the harmonic radiation in free Fig. 4 . FEL spontaneous emission in a two-frequency wiggler with G :~I = uw2 = 1 at different wiggler period ratios particular, detailed calculation shows that the spontaneous emission at w = 9 . 2~~1 is almost twice as much as that in the single wiggler case. This enhancement in spontaneous emission is most probably due to the nonlinear interference between the two constituent wiggler components of the two-frequency wiggler. To further explore this hypothesis, we calculate the spontaneous emission for different values of the wiggler period ratio, XW1/X,2. As shown in Figure  4 , the strength and distribution of the spontaneous emission is indeed strongly dependent upon the periodicities of the two wiggler components and consequently their interference. This finding is consistent with the results of recent work on quasiperiodic wigglers[9], [13] . More importantly, the magnitude of spontaneous emission is increased significant ly. In the case of Xw2 = O.5Xw1, the value of the spontaneous emission around w = 1Owyl is now 66% of that of the fundamental spontaneous emission in a conventional FEL. Note that in a conventional FEL with the planar wiggler configuration there is no radiation at even harmonics[5], [6], but its emission strength around the 10th harmonic may be phenomenologically represented by the average of the emission strengths at the 9th and the 11th harmonics. From Figure 1 , this representation would give the spontaneous emission at the 10th harmonic a phenomenological value of (0.97% + 0.23%)/2 = 0.60%. For the FEL with a twofrequency wiggler of Xwa = 0.5Xw1 in the aforementioned example, its normalised emission strength at the 10th harmonic is 66% as suggested in Figure 4 and this represents an emission strength enhancement of 66%/0.60% = 110 folds for FEL radiation at frequencies between the 9th and 10th harmonics. The above example demonstrates that with the twofrequency wiggler configuration the FEL emission at high harmonics can be made sufficiently strong to yield a similar level of power output to that in a conventional FEL operating at the fundamental frequency. This enhancement of harmonic radiation would allow FEL systems with a twofrequency wiggler to be operated at high harmonics while maintaining a level of power output adequate for many practical applications. These findings have significant imelectron laser devices. The spontaneous emission has been formulated, and based on this formulation numerical examples have been used to illustrate the characteristics of twofrequency wiggler based FELs. It has been shown that by adjusting the nonlinear interference between the two constituent wiggler components of a two-frequency wiggler the FEL spontaneous emission can be significantly enhanced at high harmonics. This permits the possibility of achieving an efficient FEL operation at terahertz frequencies with an electron beam energy kept below 5OOkeV. The generation of a strong FEL radiation at terahertz frequencies by low energy electron beams of less than 5OOkeV suggests an interesting prospect of developing and building compact terahertz FELs for use in a university laboratory.
